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Abstract
The purpose of this paper is to extend the cohomology and conformal deriva-
tion theories of the classical Lie conformal algebras to Lie conformal superalgebras.
Firstly, we construct the semidirect product of a Lie conformal superalgebra and
its conformal module, and study derivations of this semidirect product. Secondly,
we develop cohomology theory of Lie conformal superalgebras and discuss some
applications to the study of deformations of Lie conformal superalgebras. Finally,
we introduce generalized derivations of Lie conformal superalgebras and study their
properties.
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1 Introduction
Lie conformal superalgebras encode the singular part of the operator product expansion
of chiral fields in two-dimensional quantum field theory. On the other hand, they are
closely connected to the notion of a formal distribution Lie superalgebra (g, F ), that is
a Lie superalgebra g spanned by the coefficients of a family F of mutually local formal
distributions. Conversely, to a Lie conformal superalgebra R one can associate a formal
distribution Lie superalgebra (LieR,R) which establishes an equivalence between the
category of Lie conformal superalgebras and the category of equivalence classes of formal
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distribution Lie superalgebras obtained as quotients of Lie R by irregular ideals. See
[2, 3, 5] in details.
The notion of a Lie conformal superalgebra was introduced in [5], which gave deriva-
tions and representations of Lie conformal superalgebras. The cohomology theory of Lie
conformal algebras was developed in [1]. Lately, the generalized derivation theory of Lie
conformal algebras were studied in [6], extending the generalized derivation theory of Lie
algebras given in [8]. [7] study conformal derivations of the semidirect product. [9] study
Hom-Nijienhuis operators and T*-extensions of hom-Lie superalgebras. In the present
paper, we aim to do same in [7] for Lie conformal superalgebras, extend the cohomology
theory and study the generalized derivations of Lie conformal algebras to the super case.
Furthermore, by a 2-cocycle Nijienhuis operator generate a deformation.
The paper is organized as follows. In Section 2, we recall notions of derivations and
modules of a Lie conformal superalgebra. Moreover, we construct the semidirect product
of a Lie conformal superalgebra and its conformal module, and study derivations of this
semidirect product.
In Section 3, we define cohomology and Nijienhuis operators of Lie conformal super-
algebras, and show that the deformation generated by a 2-cocycle Nijienhuis operator is
trivial.
In Section 4, we introduce different kinds of generalized derivations of Lie confor-
mal superalgebras, and study their properties and connections, extending some results
obtained in [8].
Throughout this paper, all vector spaces, linear maps, and tensor products are over
the complex field C. In addition to the standard notations Z and R, we use Z+ to denote
the set of nonnegative integers. R is a Z2-graded C[∂]-module, x ∈ R means x is a
homogeneous element, |a| ∈ Z2 is the degree of a.
2 Conformal derivations of semidirect products of
Lie conformal superalgebras and their conformal
modules
First we present the definition of Lie conformal superalgebras given in [2, Definition 2.1].
Definition 2.1. A Lie conformal superalgebra R is a left Z2-graded C[∂]-module, and
for any n ∈ Z≥0 there is a family of C-bilinear n-products from R ⊗ R to R satisfying
the following conditions:
(C0) For any a, b ∈ R, there is an N such that a(n)b = 0 for n≫ N ,
(C1) For any a, b ∈ R and n ∈ Z≥0, (∂a)(n)b = −na(n)b,
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(C2) For any a, b ∈ R and n ∈ Z≥0,
a(n)b = −(−1)
|a||b|
∞∑
j=0
(−1)j+n
1
j!
∂j(b(n+j)a),
(C3) For any a, b, c ∈ R and m,n ∈ Z≥0,
a(m)(b(n)c) =
m∑
j=0
(mj )(a(j)b)(m+n−j)c+ (−1)
|a||b|b(n)(a(m)c).
Note that if we define λ-bracket [−λ−]:
[aλb] =
∞∑
n=0
λn
n!
a(n)b, a, b ∈ R. (2.1)
That is, R is a Lie conformal superalgebra if and only if [−λ−] satisfies the following
axioms:
(C1)λ Conformal sesquilinearity : [(∂a)λb] = −λ[aλb];
(C2)λ Skew − symmetry : [aλb] = −(−1)
|a||b|[b−∂−λa];
(C3)λ Jacobi identity : [aλ[bµc]] = [[aλb]λ+µc] + (−1)
|a||b|[bµ[aλc]].
Example 2.2. Let R = C[∂]L⊕ C[∂]E be a free Z2-graded C[∂]-module. Define
[LλL] = (∂ + 2λ)L, [LλE] = (∂ +
3
2
λ)E, [EλL] = (
1
2
∂ +
3
2
λ)E, [EλE] = 0,
where R0¯ = C[∂]L and R1¯ = C[∂]E. Then R is a Lie conformal superalgebra.
Example 2.3. (Neveu-Schwarz Lie conformal superalgebra) Let NS = C[∂]L⊕C[∂]G be
a free Z2-graded C[∂]-module. Define
[LλL] = (∂ + 2λ)L, [LλG] = (∂ +
3
2
λ)G, [GλL] = (
1
2
∂ +
3
2
λ)G, [GλG] = L,
where NS0¯ = C[∂]L and NS1¯ = C[∂]G. Then NS is a Lie conformal superalgebra. We call
it Neveu-Schwarz Lie conformal superalgebra.
Proposition 2.4. Let R = C[∂]x ⊕ C[∂]y be a Lie conformal superalgebra that is a free
Z2-graded C[∂]-module, where R0¯ = C[∂]x and R1¯ = C[∂]y. Then R is isomorphic to one
of the following Lie conformal superalgebras:
(1) R1 : [xλx] = 0, [xλy] = 0, [yλy] = p(∂)x, ∀ p(∂) ∈ C[∂];
(2) R2 : [xλx] = 0, [yλy] = 0, [xλy] = q(λ)y, ∀ q(λ) ∈ C[λ];
(3) R3 : [xλx] = (∂ + 2λ)x, [xλy] = 0, [yλy] = 0;
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(4) R4 : [xλx] = (∂ + 2λ)x, [xλy] = (∂ + βλ)y, [yλy] = 0, ∀ β ∈ C;
(5) R5 : [xλx] = (∂ + 2λ)x, [xλy] = (∂ +
3
2
λ)y, [yλy] = αx, ∀α ∈ C.
Proof. Let us set [xλx] = a(∂, λ)x, [xλy] = b(∂, λ)y, and [yλy] = d(∂)x (because of
[yλy] = [y−∂−λy]), where a(∂, λ) =
∑n
i=0 ai(λ)∂
i, b(∂, λ) =
∑m
i=0 bi(λ)∂
i, and d(∂, λ) =∑q
i=0 di∂
i, with an(λ) 6= 0, bm(λ) 6= 0, and dq 6= 0. Consider the Jacobi identity [xλ[xµx]] =
[[xλx]λ+µx] + [xµ[xλx]], this is equivalent to saying that
a(∂ + λ, µ)a(∂, λ)x = a(−λ− µ, λ)a(∂, λ+ µ)x+ a(∂ + µ, λ)a(∂, µ)x. (2.2)
Equating terms of degree 2n−1 in ∂ in both sides, we get, if n > 1 : n(λ−µ)an(λ)an(µ) =
0, which shows that an(λ) = 0. So a(∂, λ) = a0(λ) + a1(λ)∂. If we put λ = µ in Eq.(2.2),
we get a(∂, 2λ)a(−2λ, λ) = 0, hence a0(λ) = 2λa1(λ), therefore a(∂, λ) = a1(λ)(∂ + 2λ).
Plugging this into [xλx] = −[x−∂−λx], we get that a1(λ) is a constant C. So [xλx] =
C(∂ + 2λ)x.
Case 1
If C = 0, Consider the Jacobi identity [xλ[xµy]] = [[xλx]λ+µy] + [xµ[xλy]], this is
equivalent to saying that
b(∂ + λ, µ)b(∂, λ)y = b(∂ + µ, λ)b(∂, µ)y.
Equating terms of degree 2m−1 in ∂ in both sides, we get, ifm ≥ 1 : m(λ−µ)bm(λ)bm(µ) =
0, which shows that bm(λ) = 0. So b(∂, λ) = b0(λ). So [xλy] = b0(λ)y.
(1) If b0(λ) = 0, then [xλy] = [yλx] = 0. In this situation, R is isomorphic to R1.
(2) If b0(λ) 6= 0, consider the Jacobi identity [xλ[yµy]] = [[xλy]λ+µy] + [yµ[xλy]], this
is equivalent to saying that
0 = b0(λ)d(∂)x+ b0(λ)d(∂)x.
So d(∂) = 0, thus [yλy] = 0. Then R is isomorphic to R2.
Case 2
If C 6= 0, we can let C = 1(otherwise, change x by a complex multiple). Then
[xλx] = (∂+2λ)x. Consider the Jacobi identity [xλ[xµy]] = [[xλx]λ+µy] + [xµ[xλy]], this is
equivalent to saying that
b(∂ + λ, µ)b(∂, λ)y = (λ− µ)b(∂, λ + µ)y + b(∂ + µ, λ)b(∂, µ)y. (2.3)
Equating terms of degree 2m−1 in ∂ in both sides, we get, ifm > 1 : m(λ−µ)bm(λ)bm(µ) =
0, which shows that bm(λ) = 0. So b(∂, λ) = b0(λ) + b1(λ)∂. Substituting into Eq.(2.3),
we get
b1(λ)b1(µ) = b1(λ+ µ) (2.4)
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and
λb0(λ)b1(µ) = (λ− µ)b0(λ+ µ) + µb1(λ)b0(µ). (2.5)
By Eq.(2.4), we have b1(λ) = 0 or 1.
(1) If b1(λ) = 0, then (λ− µ)b0(λ + µ) = 0, so b0(λ) = 0, that is [xλy] = 0. Consider
the Jacobi identity [xλ[yµy]] = [[xλy]λ+µy] + [yµ[xλy]], this is equivalent to saying that
d(∂ + λ)(∂ + 2λ) = 0, i.e. [yλy] = 0. Then R is isomorphic to R3.
(2) If b1(λ) = 1, Substituting into Eq.(2.5), we get λb0(λ) − µb0(µ) = (λ− µ)b0(λ +
µ). So b0(λ) = βλ, and [xλy] = (∂ + βλ)y. Consider the Jacobi identity [xλ[yµy]] =
[[xλy]λ+µy] + [yµ[xλy]], this is equivalent to saying that
(∂ + 2λ)d(∂ + λ)x = (∂ − λ+ 2βλ)d(∂)x. (2.6)
Equating terms of the most degree in λ in both sides, we get d(∂) = C1.
(i) If C1 = 0, then [yλy] = 0. Then R is isomorphic to R4.
(ii) If C1 6= 0, Substituting into Eq.(2.6), we get β =
3
2
. Then R is isomorphic to R5.
Definition 2.5. A linear map ρ : R → R′ is a homomorphism of Lie conformal superal-
gebras if ρ satisfies ρ∂ = ∂ρ and ρ([aλb]) = [ρ(a)λρ(b)], ∀a, b ∈ R.
Example 2.6. [5] Let g = g0¯⊕g1¯ be a complex Lie superalgebra with Lie bracket [−,−].
Let (Curg)θ := C[∂] ⊗ gθ be the free C[∂]-module. Then Curg = (Curg)0¯ ⊕ (Curg)1¯ is
a Lie conformal superalgebra, called current Lie conformal superalgebra, with λ-bracket
given by:
[(f(∂)⊗ a)λ(g(∂)⊗ b)] := f(−λ)g(∂ + λ)⊗ [a, b], a, b ∈ R. (2.7)
Definition 2.7. [5] Let M and N be Z2-graded C[∂]-modules. A conformal linear map
of degree θ from M to N is a sequence f = {f(n)}n∈Z≥0 of f(n) ∈ HomC(M,N) satisfying
that
∂Nf(n) − f(n)∂M = −nf(n−1), n ∈ Z≥0 and f(n)(Mµ) ⊆ Nµ+θ, µ, θ ∈ Z2.
Set fλ =
∑∞
n=0
λn
n!
f(n). Then f = {f(n)}n∈Z≥0 is a conformal linear map of degree θ if and
only if
fλ∂M = (∂N + λ)fλ and fλ(Mµ) ⊆ Nµ+θ[λ], µ, θ ∈ Z2.
Definition 2.8. An associative conformal superalgebra R is a left Z2-graded C[∂]-module
endowed with a λ-product from R ⊗ R to C[λ] ⊗ R, for any a, b, c ∈ R, satisfying the
following conditions:
(1) (∂a)λb = −λaλb, aλ(∂b) = (∂ + λ)(aλb),
(2) aλ(bµc) = (aλb)λ+µc.
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Let Chom(M,N)θ denote the set of conformal linear maps of degree θ from M to N .
Then Chom(M,N) = Chom(M,N)0¯ ⊕ Chom(M,N)1¯ is a Z2-graded C[∂]-module via:
∂f(n) = −nf(n−1), equivalently, ∂fλ = −λfλ.
The composition fλg : L→ N⊗C[λ] of conformal linear maps f :M → N and g : L→ M
is given by
(fλg)λ+µ = fλgµ, ∀ f, g ∈ Chom(M,N).
If M is a finitely generated Z2-graded C[∂]-module, then Cend(M) := Chom(M,M)
is an associative conformal superalgebra with respect to the above composition. Thus,
Cend(M) becomes a Lie conformal superalgebra, denoted as gc(M), with respect to the
following λ-bracket(see [5, Example1.1]):
[fλg]µ = fλgµ−λ − (−1)
|f ||g|gµ−λfλ. (2.8)
Hereafter all Z2-graded C[∂]-modules are supposed to be finitely generated.
Definition 2.9. [2, Definition 2.2] A Z2-graded C[∂]-module M is a conformal module of
a Lie conformal superalgebraR if there is a homomorphism of Lie conformal superalgebras
ρ : R → Cend(M).
Furthermore, we call (ρ,M) is a representation of the Lie conformal superalgebra R.
If (ρ,M) is a representation of a Lie conformal superalgebra R, it is obvious that we have
the following relations;
ρ(a)(m)ρ(b)(n) =
m∑
j=0
(mj )ρ(a(j)b)(m+n−j) + (−1)
|a||b|ρ(b)(n)ρ(a)(m), ρ(∂(a))(n) = −nρ(a)(n);
equivalently,
ρ(a)λρ(b)µ − (−1)
|a||b|ρ(b)µρ(a)λ = [ρ(a)λρ(b)]λ+µ = ρ([aλb])λ+µ, ρ(∂(a))λ = −λρ(a)λ.
Example 2.10. Let g = g0¯ ⊕ g1¯ be a finite dimensional complex Lie superalgebra, pi :
g → End(M) a finite dimensional representation of g. Then the free Z2-graded C[∂]-
module C[∂] ⊗ M is a conformal module of Curg, with module structure ρ : Curg →
Cend(C[∂]⊗M) given by:
ρ(f(∂)⊗ a)λ(g(∂)⊗m) = f(−λ)g(∂ + λ)⊗ pi(a)(m), ∀ f(∂), g(∂) ∈ C[∂], a ∈ g, m ∈M.
Definition 2.11. [5] Let R be a Lie conformal superalgebra. d ∈ Cend(R) is a conformal
derivation if for any a, b ∈ R it holds that
d(m)(a(n)b) =
m∑
j=0
(mj )(d(j)a)(m+n−j)b+ (−1)
|a||d|a(n)(d(m)(b));
equivalently,
dλ([aµb]) = [(dλ(a))λ+µb] + (−1)
|a||d|[aµ(dλ(b))]. (2.9)
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For any r ∈ R, drλ is called an inner conformal derivation of R if d
r
λ(r
′) = [rλr
′],
∀r′ ∈ R.
Example 2.12. Let R = C[∂]L ⊕ Curg be a free Z2-graded C[∂]-module, where Curg
is current Lie conformal superalgebra. Define dL : Curg → Curg by dLλg = (∂ + λ)g for
every g ∈ g ⊂ Curg. Then dL is a conformal derivation degree 0 of Curg. Furthermore, if
we define
[LλL] = (∂ + 2λ)L, [Lλg] = d
L
λg, [gλh] = [g, h],
where R0¯ = C[∂]L⊕ Curg0¯ and R1¯ = Curg1¯. Then R is a Lie conformal superalgebra.
Example 2.13. Every conformal derivation of Neveu-Schwarz Lie conformal superalgebra
is an inner conformal derivation.
Proof. Case 1
Suppose that |d| = 0, and dλL = p(∂, λ)L, dλG = g(∂, λ)G, where p(∂, λ) =∑n
i=0 ai(λ)∂
i, g(∂, λ) =
∑q
i=0 di(λ)∂
i. If d is a conformal derivation, it needs to satisfy
dλ[LµL] = [(dλL)λ+µL] + [Lµ(dλL)], this is equivalent to saying that
(∂ + λ+ 2µ)p(∂, λ)L = p(−λ− µ, λ)(∂ + 2λ+ 2µ)L+ p(∂ + µ, λ)(∂ + 2µ)L. (2.10)
Equating terms of degree n in ∂ in both sides, we get, if n > 1 : (λ−nµ)an(λ) = 0, which
shows that an(λ) = 0. So p(∂, λ) = a0(λ) + a1(λ)∂, substituting into Eq.(2.10), we get
a0(λ) = 2λa1(λ), hence dλL = a1(λ)(∂ + 2λ)L.
Similarly, dλ[GµG] = [(dλG)λ+µG] + [Gµ(dλG)], it is equivalent to
p(∂, λ)L = g(−λ− µ, λ)L+ g(∂ + µ, λ)L. (2.11)
The degree of ∂ in p(∂, λ) is at most one, so g(∂, λ) = d0(λ) + d1(λ)∂, substituting into
Eq.(2.11), we get d0(λ) =
3
2
λd1(λ) =
3
2
λa1(λ), hence dλG = a1(λ)(∂ +
3
2
λ)G.
So dλ = a1(λ)adLλ.
Case 2
Suppose that |d| = 1, and dλL = q(∂, λ)G, dλG = f(∂, λ)L, where q(∂, λ) =∑m
i=0 bi(λ)∂
i, f(∂, λ) =
∑p
i=0 ci(λ)∂
i. If d is a conformal derivation, it needs to satisfy
dλ[LµL] = [(dλL)λ+µL] + [Lµ(dλL)], this is equivalent to saying that
(∂ + λ+ 2µ)q(∂, λ)G = q(−λ− µ, λ)(
1
2
∂ +
3
2
λ +
3
2
µ)G+ q(∂ + µ, λ)(∂ +
3
2
µ)G. (2.12)
Equating terms of degree m in ∂ in both sides, we get, if m > 1 : (λ+ 1
2
µ−mµ)bm(λ) = 0,
which shows that bm(λ) = 0. So q(∂, λ) = b0(λ) + b1(λ)∂, substituting into Eq.(2.12), we
get b0(λ) = 3λb1(λ), hence dλL = b1(λ)(∂ + 3λ)G.
Similarly, dλ[GµG] = [(dλG)λ+µG]− [Gµ(dλG)], it is equivalent to
q(∂, λ)G = f(−λ− µ, λ)(∂ +
3
2
λ+
3
2
µ)G− f(∂ + µ, λ)(
1
2
∂ +
3
2
µ)G. (2.13)
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The degree of ∂ in q(∂, λ) is at most one, so f(∂, λ) = c0(λ), substituting into Eq.(2.13),
we get c0(λ) = 2b1(λ), hence dλG = 2b1(λ)L.
So dλ = 2b1(λ)adGλ. Then every conformal derivation of Neveu-Schwarz Lie confor-
mal superalgebra is an inner conformal derivation.
Definition 2.14. Let R be a Lie conformal superalgebra with λ-bracket [−λ−], M a
conformal module of R and ρ : R → C[λ] ⊗ Cend(M) : r 7→ ρ(r)λ the corresponding
representation. A conformal linear map d ∈ Chom(R,M) is a conformal derivation from
R to M if
dλ([rµr
′]) = (−1)|r||d|ρ(r)µ(dλ(r
′))− (−1)(|r|+|d|)|r
′|ρ(r′)−∂−λ−µ(dλ(r)). (2.14)
Note that if ρ is the adjoint representation (that is ρ(a)λb = [aλb]) ofR, then Eq.(2.14)
is Eq.(2.9). We have the following:
Lemma 2.15. Let R be a Lie conformal superalgebra with λ-bracket [−λ−], M a confor-
mal module of R and ρ : R → C[λ] ⊗ Cend(M) : r 7→ ρ(r)λ the corresponding represen-
tation. For any m ∈M , define a C-linear map
dm : R → C[λ]⊗M : dmλ (r) = −(−1)
|r||m|ρ(r)−∂−λ(m), r ∈ R. (2.15)
Then dm is a conformal derivation from R to M .
Proof. For any r ∈ R, m ∈Mθ, according to Definition 2.9 and Eq.(2.15), we have
dmλ (∂r) = −(−1)
|r||m|ρ(∂r)−∂−λ(m) = −(−1)
|r||m|(∂ + λ)ρ(r)−∂−λ(m) = (∂ + λ)d
m
λ (r),
and dm(Rη) ⊆Mη+θ, which means that d
m ∈ Cend(R,M)θ. For any r
′ ∈ R,
− dmλ ([rµr
′]) = −
∑
s≥0
µs
s!
dmλ (r(s)r
′)
= (−1)(|r|+|r
′|)|m|
∑
s≥0
µs
s!
ρ(r(s)r
′)−∂−λ(m)
= (−1)(|r|+|r
′|)|m|
∑
s,t≥0
µs
s!
(−∂ − λ)t
t!
ρ(r(s)r
′)(t)(m). (2.16)
Since ρ(r) ∈ Cend(M)|r| is a conformal linear map, it follows from
ρ(r)µ((−∂ − λ)
tm′) = (−∂ − λ− µ)tρ(r)µ(m
′), m′ ∈M,
and hence,
−(−1)|r||m|ρ(r)µ(d
m
λ (r
′))
= (−1)|r||m|(−1)|r
′||m|ρ(r)µ(ρ(r
′)−∂−λ(m))
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= (−1)(|r|+|r
′|)|m|ρ(r)µ(
∑
t≥0
(−∂ − λ)t
t!
ρ(r′)(t)(m))
= (−1)(|r|+|r
′|)|m|
∑
s,t≥0
µs
s!
(−∂ − λ− µ)t
t!
ρ(r)(s)(ρ(r
′)(t)(m)). (2.17)
Similarly, ρ(r′) ∈ Cend(M)|r′| is a conformal linear map, it follows from
ρ(r′)−∂−λ−µ((−∂ − λ)
tm′) = µtρ(r′)−∂−λ−µ(m
′),
and hence,
−(−1)|r
′|(|r|+|m|)ρ(r′)−∂−λ−µ(d
m
λ (r))
= (−1)|r
′|(|r|+|m|)+|m||r|ρ(r′)−∂−λ−µ(ρ(r)−∂−λ(m))
= (−1)|r
′|(|r|+|m|)+|m||r|
∑
s,t≥0
µs
s!
(−∂ − λ− µ)t
t!
ρ(r′)(t)(ρ(r)(s)(m)). (2.18)
Since ρ is a representation, by Definition 2.9, Eqs.(2.16), (2.17) and (2.18), dm is a
conformal derivation from R to M .
Definition 2.16. Let R be a Lie conformal superalgebra with λ-bracket [−λ−], M a
conformal module of R and ρ : R → C[λ] ⊗ Cend(M) : r 7→ ρ(r)λ the corresponding
representation. dm given by Eq.(2.15) is called an inner conformal derivation from R to
M .
Remark 2.17. If ρ is the adjoint representation of R, then an inner conformal derivation
from R to R is nothing rather than an inner conformal derivation of R. In fact, for any
r, r′ ∈ R, by Definition 2.1 (C2)λ it follows from
drλ(r
′) = −(−1)|r||r
′|ρ(r′)−∂−λ(r) = −(−1)
|r||r′|[r′−∂−λr] = [rλr
′]. (2.19)
Lemma 2.18. If f, g ∈ Cend(M), then for any m ∈M ,
(1) fλ(g−∂−µm) = (fλg)−∂−µm,
(2) f−∂−λ(gµm) = (f−∂−µg)−∂−λ+µm,
(3) f−∂−λ(g−∂−µm) = (f−∂+µ−λg)−∂−µm.
Lemma 2.19. Let R be a Lie conformal superalgebra with λ-bracket [−λ−], M a confor-
mal module of R and ρ : R → C[λ] ⊗ Cend(M) : r 7→ ρ(r)λ the corresponding represen-
tation. Define a λ-bracket [−λ−]M on R⊕M = (R⊕M)0¯ ⊕ (R⊕M)1¯ by
[(r +m)λ(r
′ +m′)]M = [rλr
′] + ρ(r)λm
′ − (−1)|r
′||m|ρ(r′)−∂−λm, (2.20)
∀ r +m, r′ +m′ ∈ R ⊕M , where (R ⊕M)θ = Rθ ⊕Mθ, θ ∈ Z2. Then R ⊕M is a Lie
conformal superalgebra, called the semidirect product of R and M , and denote by R⋉M .
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Proof. ∀ r + m, r′ + m′, r′′ + m′′ ∈ R ⊕M , note that R ⊕M is equipped with a
C[∂]-module structure via
∂(r +m) = ∂(r) + ∂(m).
A direct computation shows that
[∂(r +m)λ(r
′ +m′)]M = [(∂r + ∂m)λ(r
′ +m′)]M
= [(∂r)λr
′] + ρ(∂r)λ(m
′)− (−1)|r
′||m|ρ(r′)−∂−λ(∂m)
= −λ[rλr
′]− λρ(r)λ(m
′)− (−1)|r
′||m|(∂ − λ− ∂)ρ(r′)−∂−λ(m)
= −λ([rλr
′] + ρ(r)λ(m
′)− (−1)|r
′||m|ρ(r′)−∂−λ(m))
= −λ[(r +m)λ(r
′ +m′)]M .
Thus (C1)λ holds. (C2)λ follows from
[(r′ +m′)−∂−λ(r +m)]M = [r
′
−∂−λr] + ρ(r
′)−∂−λ(m)− (−1)
|r′||m|ρ(r)λ(m
′)
= −(−1)|r
′||m|([rλr
′] + ρ(r)λ(m
′)− (−1)|r
′||m|ρ(r′)−∂−λ(m))
= −(−1)|r
′||m|[(r +m)λ(r
′ +m′)]M .
To check the Jacobi identity, we compute
[(r +m)λ[(r
′ +m′)µ(r
′′ +m′′)]M ]M
= [(r +m)λ([r
′
µr
′′] + ρ(r′)µ(m
′′)− (−1)|r
′′||m′|ρ(r′′)−∂−µ(m
′)]M
= [rλ[r
′
µr
′′]] + ρ(r)λ(ρ(r
′)µ(m
′′))− (−1)|r
′′||m′|ρ(r)λ(ρ(r
′′)−∂−µ(m
′))
−(−1)(|r
′′|+|r′|)|m|ρ([r′µr
′′])−∂−λ(m), (2.21)
(−1)|r||r
′|[(r′ +m′)µ[(r +m)λ(r
′′ +m′′)]M ]M
= (−1)|r||r
′|[r′µ[rλr
′′]] + (−1)|r||r
′|ρ(r′)µ(ρ(r)λ(m
′′))
−(−1)|r||r
′|+|r′′||m|ρ(r′)µ(ρ(r
′′)−∂−λ(m))− (−1)
|r′′||m′|ρ([rλr
′′])−∂−µ(m
′) (2.22)
and
[[(r +m)λ(r
′ +m′)]M (λ+µ)(r
′′ +m′′)]M
= [([rλr
′] + ρ(r)λ(m
′)− (−1)|r
′||m|ρ(r′)−∂−λ(m))λ+µ(r
′′ +m′′)]M
= [[rλr
′]λ+µr
′′] + ρ([rλr
′])λ+µ(m
′′)− (−1)|r
′′|(|r|+|m′|)ρ(r′′)−∂−λ−µ(ρ(r)λm
′)
+(−1)|r
′′|(|r′|+|m|)+|r′||m|ρ(r′′)−∂−λ−µ(ρ(r
′)−∂−λm). (2.23)
By Eqs.(2.21)–(2.23), we only need to show that
ρ(r)λ(ρ(r
′)−∂−µ′m
′′)− (−1)|r||r
′|ρ(r′)−∂−µ′−λ(ρ(r)−∂−µ′m
′′) = ρ([rλr
′])−∂−µ′ (m
′′). (2.24)
Since (ρ,M) is a representation of R,
ρ(r)λ(ρ(r
′)µm
′′)− (−1)|r||r
′|ρ(r′)µ(ρ(r)λm
′′) = ρ([rλr
′])λ+µ(m
′′). (2.25)
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Replacing µ by −λ− µ
′
− ∂ in Eq.(2.25) and using (C1)λ, we obtain
ρ(r)λ(ρ(r
′)−∂−µ′m
′′)− (−1)|r||r
′|ρ(r′)−∂−µ′−λ(ρ(r)λm
′′) = ρ([rλr
′])−∂−µ′(m
′′). (2.26)
By (C1)λ again, Eq.(2.26) is equivalent to Eq.(2.24). This implies
[(r +m)λ[(r
′ +m′)µ(r
′′ +m′′)]M ]M
= (−1)|r||r
′|[(r′ +m′)µ[(r +m)λ(r
′′ +m′′)]M ]M + [[(r +m)λ(r
′ +m′)]M (λ+µ)(r
′′ +m′′)]M .
Then R⊕M is a Lie conformal superalgebra.
Let g be a complex Lie superalgebra and M a finite dimensional g-module. Then we
have the Current Lie conformal superalgebra Cur(g⋉M) (see Example 2.6). By Example
2.10, C[∂] ⊗M is a conformal module of Curg. Thus, by the above lemma we have the
Lie conformal superalgebra Curg⋉ (C[∂]⊗M).
Corollary 2.20. Cur(g⋉M) is a proper Lie conformal subalgebra of Curg⋉ (C[∂]⊗M).
Proof. Let ρ : g → C[λ] ⊗ EndC(M) be the corresponding representation. For any
f(∂) ⊗ (r + m), g(∂) ⊗ (r′ + m′) ∈ Cur(g⋉M), where r, r′ ∈ g, m,m′ ∈ M . By the
λ-bracket on Cur(g⋉M)(Example 2.6) it follows from
[(f(∂)⊗ (r +m))λ(g(∂)⊗ (r
′ +m′))]
= f(−λ)g(∂ + λ)⊗ [r +m, r′ +m′]
= f(−λ)g(∂ + λ)⊗ ([r, r′] + ρ(r)(m′)− (−1)|r
′||m|ρ(r′)(m)). (2.27)
By the module structure on C[∂]⊗M(see Example 2.10) it follows from
ρ(g(∂)⊗ r′)−∂−λ(f(∂)⊗m) = g(∂ + λ)f(−λ)⊗ ρ(r
′)(m) = f(−λ)g(∂ + λ)⊗ ρ(r′)(m).
So, by the λ-bracket on Curg⋉ (C[∂]⊗M), we have
[(f(∂)⊗ (r +m))λ(g(∂)⊗ (r
′ +m′))]
= [(f(∂)⊗ r + f(∂)⊗m))λ(g(∂)⊗ r
′ + g(∂)⊗m′)]
= [(f(∂)⊗ r)λ(g(∂)⊗ r
′)] + ρ(f(∂)⊗ r)λ(g(∂)⊗m
′))
−(−1)|r
′||m|ρ(g(∂)⊗ r′)−∂−λ(f(∂)⊗m))
= f(−λ)g(∂ + λ)⊗ [r, r′] + f(−λ)g(∂ + λ)⊗ ρ(r)(m′)
−(−1)|r
′||m|f(−λ)g(∂ + λ)⊗ ρ(r′)(m)
= f(−λ)g(∂ + λ)⊗ ([r, r′] + ρ(r)(m′)− (−1)|r
′||m|ρ(r′)(m)). (2.28)
By Eqs.(2.27) and (2.28), the λ-bracket on Cur(g ⋉ M) is induced by that on Curg ⋉
(C[∂]⊗M).
Lemma 2.21. Let R be a Lie conformal superalgebra with λ-bracket [−λ−], M a C[∂]-
module, ρ ∈ Chom(R,Cend(M)), and f ∈ Chom(M,R). Then for any r ∈ R andm ∈M ,
the following two equations are equivalent:
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(1) fλ(ρ(r)µ(m)) = (−1)
|r||f |[rµ(fλ(m))].
(2) fλ(ρ(r)−∂−µ(m)) = −(−1)
|r||m|[(fλ(m))λ+µr].
Proof. If fλ(ρ(r)µ(m)) = (−1)
|r||f |[rµ(fλ(m))], replacing µ by −λ−µ
′
− ∂ and using
(C1)λ, we obtain
fλ(ρ(r)−∂−µ′(m)) = −(−1)
|r||m|[(fλ(m))λ+µ′r],
that is (2) holds. The reverse conclusion follows similarly.
Lemma 2.22. Let R be a Lie conformal superalgebra with λ-bracket [−λ−], M a C[∂]-
module, ρ ∈ Chom(R,Cend(M)), f ∈ Cend(M)θ and g ∈ Cend(R)θ. Then for any r ∈ R
and m ∈M , the following two equations are equivalent:
(1) fλ(ρ(r)µ(m)) = ρ(gλ(r))λ+µ(m) + (−1)
θ|r|ρ(r)µ(fλ(m)).
(2) fλ(ρ(r)−∂−µ(m)) = ρ(gλ(r))−∂−µ(m) + (−1)
θ|r|ρ(r)−∂−λ−µ(fλ(m)).
Proof. Its proof is similar to Lemma 2.21.
Let R be a Lie conformal superalgebra, and M a conformal module of R. Hereafter
we denote C-linear maps from the C[∂]-module R⊕M to C[λ]⊗ (R⊕M) in the following
form of matrices:
(∗) dλ =
(
d11 d12
d21 d22
)
λ
: R⊕M → C[λ]⊗ (R⊕M), where
d11λ : R → C[λ]⊗R, d12λ :M → C[λ]⊗R,
d21λ : R → C[λ]⊗M, d22λ :M → C[λ]⊗M.
Lemma 2.23. Let R be a Lie conformal superalgebra, and M a conformal module of R.
Then d is given by (∗) is a conformal linear map of degree θ if and only if all d11, d12, d21
and d22 are conformal linear maps of degree θ.
Proof. It is straightforward by Definition 2.7.
Theorem 2.24. Let R be a Lie conformal superalgebra with λ-bracket[−λ−], M a con-
formal module of R, and ρ : R → C[λ] ⊗ Cend(M) : r → ρ(r)λ the corresponding
representation. Then a conformal linear map dλ given by (∗) is a conformal derivation of
degree θ of R⋉M if and only if dλ satisfies the following conditions:
(1) d11 is a conformal derivation of degree θ of R.
(2) For any r ∈ R and m,m′ ∈M , d12λ(ρ(r)µm) = (−1)
θ|r|[rµ(d12λm)],
ρ(d12λm)λ+µ(m
′) = (−1)|m||m
′|ρ(d12λm
′)−∂−µ(m).
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(3) d21 is a conformal derivation of degree θ from R to M .
(4) For any r ∈ R and m ∈M ,
d22λ(ρ(r)µm) = ρ(d11λr)λ+µ(m) + (−1)
θ|r|ρ(r)µ(d22λm).
Proof. For any r +m, r′ +m′ ∈ R⋉M , by Eq.(2.20), we have
dλ([(r +m)µ(r
′ +m′)])
= d11λ([rµr
′]) + d12λ(ρ(r)µm
′)− (−1)|r
′||m|d12λ(ρ(r
′)−∂−µm)
+d21λ([rµr
′]) + d22λ(ρ(r)µm
′)− (−1)|r
′||m|d22λ(ρ(r
′)−∂−µm),
[(dλ(r +m))λ+µ(r
′ +m′)]
= [(d11λ(r) + d12λ(m) + d21λ(r) + d22λ(m))λ+µ(r
′ +m′)]
= [(d11λ(r))λ+µr
′] + [(d12λ(m))λ+µr
′] + ρ(d11λ(r))λ+µ(m
′) + ρ(d12λ(m))λ+µ(m
′)
−(−1)|r
′|(|r|+θ)ρ(r′)−∂−λ−µ(d21λ(r))− (−1)
|r′|(|m|+θ)ρ(r′)−∂−λ−µ(d22λ(m))
and
(−1)θ|r|[(r +m)µ(dλ(r
′ +m′))]
= (−1)θ|r|[(r +m)µ(d11λ(r
′) + d12λ(m
′) + d21λ(r
′) + d22λ(m
′))]
= (−1)θ|r|[rµ(d11λ(r
′))] + (−1)θ|r|[rµ(d12λ(m
′))] + (−1)θ|r|ρ(r)µ(d21λ(r
′))
+(−1)θ|r|ρ(r)µ(d22λ(m
′))− (−1)|r||r
′|ρ(d11λ(r
′))−∂−µ(m)
−(−1)|m||m
′|ρ(d12λ(m
′))−∂−µ(m).
Suppose that dλ is a conformal derivation of degree θ of R ⋉M . By Eq.(2.9) and
taking m = m′ = 0 in the above identities, we get
d11λ[rµr
′] = [(d11λ(r))λ+µr
′] + (−1)θ|r|[rµ(d11λ(r
′))], (2.29)
d21λ[rµr
′] = (−1)θ|r|ρ(r)µ(d21λ(r
′))− (−1)|r
′|(|r|+θ)ρ(r′)−∂−λ−µ(d21λ(r)); (2.30)
Taking r = r′ = 0,
ρ(d12λ(m))λ+µ(m
′)− (−1)|m||m
′|ρ(d12λ(m
′))−∂−µ(m) = 0; (2.31)
Taking m = 0, r′ = 0,
d12λ(ρ(r)µ(m
′)) = (−1)θ|r|[rµ(d12λ(m
′))], (2.32)
d22λ(ρ(r)µ(m
′)) = ρ(d11λ(r))λ+µ(m
′) + (−1)θ|r|ρ(r)µ(d22λ(m
′)); (2.33)
Taking m′ = 0, r = 0,
−(−1)|r
′||m|d12λ(ρ(r
′)−∂−µm) = [(d12λ(m))λ+µr
′], (2.34)
d22λ(ρ(r
′)−∂−µm) = ρ(d11λ(r
′))−∂−µ(m) + (−1)
θ|r′|ρ(r′)−∂−λ−µ(d22λ(m)). (2.35)
By Lemmas 2.21 and 2.22, Eq.(2.32) is equivalent to Eq.(2.34), and Eq.(2.33) is equivalent
to Eq.(2.35). By Definition 2.14, Lemmas 2.21, 2.22 and 2.23, dλ is a conformal derivation
of degree θ of R ⋉M if and only if Eqs.(2.29)-(2.35) are satisfied. Eqs.(2.29)-(2.35) are
equivalent to conditions (1)− (4) of Theorem 2.24.
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3 Deformations of Lie conformal superalgebras
In the following we aim to develop cohomology theory of Lie conformal superalgebras. To
do this, we need the following concept.
Definition 3.1. An n-cochain (n ∈ Z+) of a Lie conformal superalgebra R with coeffi-
cients in a module M is a C-linear map of degree θ
γ : Rn → M [λ1, · · · , λn],
(a1, · · · , an) 7→ γλ1,··· ,λn(a1, · · · , an),
where M [λ1, · · · , λn] denotes the space of polynomials with coefficients in M , satisfying
the following conditions:
Conformal antilinearity:
γλ1,··· ,λn(a1, · · · , ∂ai, · · · , an) = −λiγλ1,··· ,λn(a1, · · · , ai, · · · , an);
Skew-symmetry:
γλ1,··· ,λi,··· ,λj ,··· ,λn(a1, · · · , ai, · · · , aj , · · · , an)
= −(−1)|ai||aj |γλ1,··· ,λj ,··· ,λi,··· ,λn(a1, · · · , aj , · · · , ai, · · · , an).
Let R⊗0 = C as usual, so that a 0-cochain γ is an element of M . Define a differential
d of a cochain γ by
(dγ)λ1,··· ,λn+1(a1, · · · , an+1)
=
n+1∑
i=1
(−1)i+1(−1)(|γ|+|a1|+···+|ai−1|)|ai|ρ(ai)λiγλ1,··· ,λˆi,··· ,λn+1(a1, · · · , aˆi, · · · , an+1)
+
n+1∑
1≤i<j
(−1)i+j(−1)(|a1|+···+|ai−1|)|ai|+(|a1|+···+|aj−1|)|aj |+|ai||aj |
γλi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn+1([aiλiaj ], a1, · · · , aˆi, · · · , aˆj , · · · , an+1),
where ρ is the corresponding representation of M , and γ is extended linearly over the
polynomials in λi. In particular, if γ is a 0-cochain, then (dγ)λa = aλγ.
Remark 3.2. Conformal antilinearity implies the following relation for an n-cochain γ:
γλ+µ,λ1,···([aλb], a1, · · · ) = γλ+µ,λ1,···([a−∂−µb], a1, · · · ).
Proposition 3.3. dγ is a cochain and d2 = 0.
Proof. Let γ be an n-cochain. As discussed in the proof of [1, Lemma 2.1], dγ
satisfies conformal antilinearity and skew-symmetry. Thus dγ is an (n + 1)-cochain.
A straightforward computation shows that
(d2γ)λ1,··· ,λn+2(a1, · · · , an+2)
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=n+2∑
i=1
(−1)i+1+|γ||ai|+Aiρ(ai)λi(dγ)λ1,··· ,λˆi,··· ,λn+2(a1, · · · , aˆi, · · · , an+2)
+
n+2∑
1≤i<j
(−1)i+j+Ai+Aj+|ai||aj |(dγ)λi+λj ,λ1,··· ,λˆi,j ,··· ,λn+2([aiλiaj ], a1, · · · , aˆi,j, · · · , an+2)
=
n+2∑
1≤j<i
(−1)i+j+|γ|(|ai|+|aj |)+Ai+Ajρ(ai)λi(ρ(aj)λjγλ1,··· ,λˆj,i,··· ,λn+2(a1, · · · , aˆj,i, · · · , an+2))
(3.1)
+
n+2∑
1≤i<j
(−1)i+j+1+|γ|(|ai|+|aj |)+Ai+(Aj−|ai|)
ρ(ai)λi(ρ(aj)λjγλ1,··· ,λˆi,j ,··· ,λn+2(a1, · · · , aˆi,j, · · · , an+2)) (3.2)
+
n+2∑
1≤j<k<i
(−1)i+j+k+1+|γ||ai|+Ai+Aj+Ak+|aj ||ak|
ρ(ai)λiγλj+λk ,λ1,··· ,λˆj,k,i,··· ,λn+2([ajλjak], a1, · · · , aˆj,k,i, · · · , an+2) (3.3)
+
n+2∑
1≤j<i<k
(−1)i+j+k+|γ||ai|+Ai+Aj+(Ak−|ai|)+|aj ||ak|
ρ(ai)λiγλj+λk ,λ1,··· ,λˆj,i,k,··· ,λn+2([ajλjak], a1, · · · , aˆj,i,k, · · · , an+2) (3.4)
+
n+2∑
1≤i<j<k
(−1)i+j+k+1+|γ||ai|+Ai+(Aj−|ai|)+(Ak−|ai|)+|aj ||ak|
ρ(ai)λiγλj+λk ,λ1,··· ,λˆi,j,k,··· ,λn+2([ajλjak], a1, · · · , aˆi,j,k, · · · , an+2) (3.5)
+
n+2∑
1≤k<i<j
(−1)i+j+k+Ai+Aj+Ak+|ai||aj |+(|γ|+|ai|+|aj |)|ak |
ρ(ak)λkγλi+λj ,λ1,··· ,λˆk,i,j ,··· ,λn+2([aiλiaj], a1, · · · , aˆk,i,j, · · · , an+2) (3.6)
+
n+2∑
1≤i<k<j
(−1)i+j+k+1+Ai+Aj+Ak+|ai||aj |+(|γ|+|aj |)|ak|
ρ(ak)λkγλi+λj ,λ1,··· ,λˆi,k,j ,··· ,λn+2([aiλiaj], a1, · · · , aˆi,k,j, · · · , an+2) (3.7)
+
n+2∑
1≤i<j<k
(−1)i+j+k+Ai+Aj+Ak+|ai||aj |+|γ||ak|
ρ(ak)λkγλi+λj ,λ1,··· ,λˆi,j,k,··· ,λn+2([aiλiaj ], a1, · · · , aˆi,j,k, · · · , an+2) (3.8)
+
n+2∑
1≤i<j
(−1)i+j+Ai+Aj+|ai||aj |+|γ|(|ai|+|aj |)
ρ([aiλiaj ])λi+λjγλ1,··· ,λˆj ,··· ,λˆi,··· ,λn+2(a1, · · · , aˆj, · · · , aˆi, · · · , an+2) (3.9)
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+n+2∑
distinct i,j,k,l,i<j,k<l
(−1)i+j+k+lsign{i, j, k, l}(−1)Ai+Aj+|ai||aj |+(|ai|+|aj |)(|ak|+|al|)
(−1)(Ak−|ai|−|aj |)+(Al−|ai|−|aj |)+|ak||al|
γλk+λl,λi+λj ,λ1,··· ,λˆi,j,k,l,··· ,λn+2([akλkal], [aiλiaj ], a1, · · · , aˆi,j,k,l, · · · , an+2) (3.10)
+
n+2∑
i,j,k=1,i<j,k 6=i,j
(−1)i+j+k+1sign{i, j, k}(−1)Ai+Aj+|ai||aj |+(Ak−|ai|−|aj |)
γλi+λj+λk,λ1,··· ,λˆi,j,k,··· ,λn+2([[aiλiaj ]λi+λjak], a1, · · · , aˆi,j,k, · · · , an+2), (3.11)
where Ai = (|a1| + · · · + |ai−1|)|ai|, Aj − |ai| = (|a1| + · · · + aˆi + · · · + |aj−1|)|aj| and
sign{i1, · · · , ip} is the sign of the permutation putting the indices in increasing order and
aˆi,j,··· means that ai, aj, · · · are omitted.
It is obvious that Eqs.(3.3) and (3.8) summations cancel each other. The same is
true for Eqs.(3.4) and (3.7), (3.5) and (3.6). The Jacobi identity implies Eq.(3.11) = 0,
whereas skew-symmetry of γ gives Eq.(3.10) = 0. As M is an R-module,
−ρ(ai)λi(ρ(aj)λjm) + (−1)
|ai||aj |ρ(aj)λj (ρ(ai)λim) + ρ([aiλiaj])λi+λj (m) = 0.
Eqs.(3.1), (3.2) and (3.9) summations cancel. This proves d2γ = 0.
Thus the cochains of a Lie conformal superalgebra R with coefficients in a module
M form a comlex, which is denoted by
C• = C•(R,M) =
⊕
n∈Z+
Cn(R,M).
Where Cn(R,M) = Cn(R,M)0¯⊕C
n(R,M)1¯, C
n(R,M)θ is the set of n-cochain of degree θ
(θ ∈ Z2). The cohomology H
•(R,M) of a Lie conformal superalgebra R with coefficients
in a module M is the cohomology of complex C•.
Let R be a Lie conformal superalgebra. Define
ρ(a)λb = [aλb], ∀ a, b ∈ R. (3.12)
Proposition 3.4. (ρ,R) is a representation with the λ-action given in Eq.(3.12).
Proof. It only consists of checking the axioms from Definition 2.9.
Let γ ∈ Cn(R,R). Define an operator dˆ : Cn(R,R)→ Cn+1(R,R) by
(dˆγ)λ1,··· ,λn+1(a1, · · · , an+1)
=
n+1∑
i=1
(−1)i+1(−1)(|γ|+|a1|+···+|ai−1|)|ai|[aiλiγλ1,··· ,λˆi,··· ,λn+1(a1, · · · , aˆi, · · · , an+1)]
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+n+1∑
1≤i<j
(−1)i+j(−1)(|a1|+···+|ai−1|)|ai|+(|a1|+···+|aj−1|)|aj |+|ai||aj |
γλi+λj ,λ1,··· ,λˆi,··· ,λˆj ,··· ,λn+1([aiλiaj ], a1, · · · , aˆi, · · · , aˆj, · · · , an+1).
Obviously, the operator dˆ is induced from the differential d. Thus d preserves the space
of cochains and satisfies dˆ2 = 0. In the following the complex C•(R,R) is assumed to be
associated with the differential dˆ.
For ψ ∈ C2(R,R)0¯, we consider a t-parameterized family of bilinear operations on R
[aλb]t = [aλb] + tψλ,−∂−λ(a, b), ∀ a, b ∈ R. (3.13)
If [·λ·]t endows (R, [·λ·]t, α) with a Lie conformal superalgebra structure, we say that ψ
generates a deformation of the Lie conformal superalgebra R. It is easy to see that [·λ·]t
satisfies (C1)λ and (C2)λ. If it is true for (C3)λ, expanding the Jacobi identity for [·λ·]t
gives
[aλ[bµc]] + t([aλ(ψµ,−∂−µ(b, c))] + ψλ,−∂−λ(a, [bµc]))
+t2ψλ,−∂−λ(a, ψµ,−∂−µ(b, c))
= (−1)|a||b|[bµ[aλc]] + (−1)
|a||b|t([bµ(ψλ,−∂−λ(a, c))] + ψµ,−∂−µ(b, [aλc]))
+(−1)|a||b|t2ψµ,−∂−µ(b, ψλ,−∂−λ(a, c))
+[[aλb]λ+µc] + t([(ψλ,−∂−λ(a, b))λ+µc] + ψλ+µ,−∂−λ−µ([aλb], c))
+t2ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(a, b), c).
This is equivalent to the following relations
[aλ(ψµ,−∂−µ(b, c))] + ψλ,−∂−λ(a, [bµc])
= (−1)|a||b|[bµ(ψλ,−∂−λ(a, c))] + (−1)
|a||b|ψµ,−∂−µ(b, [aλc])
+[(ψλ,−∂−λ(a, b))λ+µc] + ψλ+µ,−∂−λ−µ([aλb], c) (3.14)
and
ψλ,−∂−λ(a, ψµ,−∂−µ(b, c))
= (−1)|a||b|ψµ,−∂−µ(b, ψλ,−∂−λ(a, c)) + ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(a, b), c). (3.15)
By conformal antilinearity of ψ, we have
[(ψλ,−∂−λ(a, b))λ+µc] = [ψλ,µ(a, b)λ+µc]. (3.16)
On the other hand, let ψ be a cocycle, i.e., dˆψ = 0. Explicitly,
0 = (dˆψ)λ,µ,γ(a, b, c)
= [aλ(ψµ,γ(b, c))]− (−1)
|a||b|[bµ(ψλ,γ(a, c))] + (−1)
(|a|+|b|)|c|[cγ(ψλ,µ(a, b))]
−ψλ+µ,γ([aλb], c) + (−1)
|b||c|ψλ+γ,µ([aλc], b)− (−1)
|a||b|+|a||c|ψµ+γ,λ([bµc], a)
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= [aλ(ψµ,γ(b, c))]− (−1)
|a||b|[bµ(ψλ,γ(a, c))]− [(ψλ,µ(a, b))−∂−γc]
+ψλ,µ+γ(a, [bµc])− (−1)
|a||b|ψµ,λ+γ(b, [aλc])− ψλ+µ,γ([aλb], c). (3.17)
By (C1)λ, Eq.(3.16) and replacing γ by −λ− µ− ∂ in Eq.(3.17), we obtain
0 = [aλ(ψµ,−∂−µ(b, c))]− (−1)
|a||b|[bµ(ψλ,−∂−λ(a, c))]− [(ψλ,µ(a, b))λ+µc]
+ψλ,−∂−λ(a, [bµc])− (−1)
|a||b|ψµ,−∂−µ(b, [aλc])− ψλ+µ,−∂−λ−µ([aλb], c),
which is exactly Eq.(3.14). Thus, when ψ is a 2-cocycle satisfying Eq.(3.15), (R, [·λ·]t, α)
forms a Lie conformal superalgebra. In this case, ψ generates a deformation of the Lie
conformal superalgebra R.
A deformation is said to be trivial if there is a linear operator f ∈ C1(R,R)0¯ such
that for Ttλ = id + tfλ, there holds
Tt−∂([aλb]t) = [(Ttλ(a))λTt−∂(b)], ∀ a, b ∈ R. (3.18)
Definition 3.5. A linear operator f ∈ C1(R,R)0¯ is called a Nijienhuis operator if
[(fλ(a))λ(fµ(b))] = fλ+µ([aλb]N), ∀ a, b ∈ R, (3.19)
where the bracket [·λ·]N is defined by
[aλb]N = [(fλ(a))λb] + [aλ(f−∂(b))]− f−∂([aλb]) ∀ a, b ∈ R. (3.20)
Remark 3.6. In particular, by (C1)λ and setting µ = −∂ − λ in Eq.(3.19), we obtain
[(fλ(a))λf−∂(b)] = f−∂([aλb]N ), ∀ a, b ∈ R. (3.21)
Theorem 3.7. Let R be a Lie conformal superalgebra, and f ∈ C1(R,R)0¯ a Nijienhuis
operator. Then a deformation of R can be obtained by putting
ψλ,−∂−λ(a, b) := (dˆf)λ,−∂−λ(a, b) = [aλb]N , ∀ a, b ∈ R. (3.22)
Furthermore, this deformation is trivial.
Proof. Since ψ = dˆf , dˆψ = 0 is valid. To see that ψ generates a deformation of R,
we need to check Eq.(3.15) for ψ. By Eqs.(3.20) and (3.22), we compute and get
ψλ,−∂−λ(a, ψµ,−∂−µ(b, c)) = [aλ[bµc]N ]N
= [(fλ(a))λ([bµc]N)] + [aλ(f−∂([bµc]N ))]− f−∂([aλ[bµc]N ])
= [(fλ(a))λ[(fµ(b))µc]] + [(fλ(a))λ[bµ(f−∂(c))]]− [(fλ(a))λ(f−∂([bµc]))] + [aλ(f−∂([bµc]N))]
−f−∂([aλ[(fµ(b))µc]])− f−∂([aλ[bµ(f−∂(c))]]) + f−∂([aλ(f−∂([bµc]))])
= [(fλ(a))λ[(fµ(b))µc]]︸ ︷︷ ︸
(1)
+ [(fλ(a))λ[bµ(f−∂(c))]]︸ ︷︷ ︸
(2)
−[(fλ(a))λ(f−∂([bµc]))] + [aλ[(fµ(b))µ(f−∂(c))]]︸ ︷︷ ︸
(3)
−f−∂([aλ[(fµ(b))µc]])︸ ︷︷ ︸
(4)
−f−∂([aλ[bµ(f−∂(c))]])︸ ︷︷ ︸
(5)
+f−∂([aλ(f−∂([bµc]))]).
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In the same way, we have
(−1)|a||b|ψµ,−∂−µ(b, ψλ,−∂−λ(a, c))
= (−1)|a||b|[(fµ(b))µ[(fλ(a))λc]]︸ ︷︷ ︸
(1)′
+ (−1)|a||b|[(fµ(b))µ[aλ(f−∂(c))]]︸ ︷︷ ︸
(3)′
−(−1)|a||b|[(fµ(b))µ(f−∂([aλc]))] + (−1)
|a||b|[bµ[(fλ(a))λ(f−∂(c))]]︸ ︷︷ ︸
(2)′
−(−1)|a||b|f−∂([bµ[(fλ(a))λc]])︸ ︷︷ ︸
(6)′
−(−1)|a||b|f−∂([bµ[aλ(f−∂(c))]])︸ ︷︷ ︸
(5)′
+(−1)|a||b|f−∂([bµ(f−∂([aλc]))])
and
ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(a, b), c)
= [(fλ+µ([aλb]N ))λ+µc] + [([aλb]N )λ+µ(f−∂(c))]− f−∂([([aλb]N )λ+µ)c])
= [[(fλ(a))λ(fµ(b))]λ+µc]︸ ︷︷ ︸
(1)′′
+ [[(fλ(a))λb]λ+µ(f−∂(c))]︸ ︷︷ ︸
(2)′′
+ [[aλ(f−∂(b))]λ+µ(f−∂(c))]︸ ︷︷ ︸
(3)′′
−[(f−∂([aλb]))λ+µ(f−∂(c))]
−f−∂([(fλ(a))λb]λ+µc])︸ ︷︷ ︸
(6)′′
−f−∂([[aλ(f−∂(b))]λ+µ︸ ︷︷ ︸
(4)′′
c]) + f−∂([(f−∂([aλb]))λ+µc]).
Since f is a Nijienhuis operator and by Eq.(3.21), we get
−[(fλ(a))λ(f−∂([bµc]))] + f−∂([aλ(f−∂([bµc]))])
= −f−∂([(fλ(a))λ[bµc]])︸ ︷︷ ︸
(6)
+ f 2−∂([aλ[bµc]])︸ ︷︷ ︸
(7)
,
−(−1)|a||b|[(fµ(b))µ(f−∂([aλc]))] + (−1)
|a||b|f−∂([bµ(f−∂([aλc]))])
= −(−1)|a||b|f−∂([(fµ(b))µ[aλc]])︸ ︷︷ ︸
(4)
′
+ (−1)|a||b|f 2−∂([bµ[aλc]])︸ ︷︷ ︸
(7)′
.
By (C1)λ and Eq.(3.21),
−[(f−∂([aλb]))λ+µ(f−∂(c))] + f−∂([(f−∂([aλb]))λ+µc])
= −[(fλ+µ([aλb]))λ+µ(f−∂(c))] + f−∂([(fλ+µ([aλb]))λ+µc])
= −f−∂([[aλb]λ+µ(f−∂(c))])︸ ︷︷ ︸
(5)′′
+ f 2−∂([[aλb]λ+µc])︸ ︷︷ ︸
(7)′′
.
Note that according to the Jacobi identity and (C1)λ for a, b, c ∈ R,
[aλ[(fµ(b))µ(f−∂(c))]] = [[aλfµ(b)]λ+µ(f−∂(c))] + (−1)
|a||b|[(fµ(b))µ[aλ(f−∂(c))]]
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is equivalent to
[aλ[(fµ(b))µ(f−∂(c))]] = [[aλf−∂(b)]λ+µ(f−∂(c))] + (−1)
|a||b|[(fµ(b))µ[aλ(f−∂(c))]].
Thus (i) + (i)
′
+ (i)
′′
= 0, for i = 1, · · · , 7. This proves that ψ generates a deformation of
the Lie conformal superalgebra R.
Let Ttλ = id + tfλ. By Eqs.(3.13) and (3.22),
Tt−∂([aλb]t) = (id + tf−∂)([aλb] + tψλ,−∂−λ(a, b))
= (id + tf−∂)([aλb] + t[aλb]N)
= [aλb] + t([aλb]N + f−∂([aλb])) + t
2f−∂([aλb]N). (3.23)
Furthermore,
[(Ttλ(a))λTt−∂(b)] = [(a+ tfλ(a))λ(b+ tf−∂(b))]
= [aλb] + t([(fλ(a))λb] + [aλ(f−∂(b))]) + t
2[(fλ(a))λf−∂(b)].(3.24)
Combining Eqs.(3.23) with (3.24) gives Tt−∂([aλb]t) = [(Ttλ(a))λTt−∂(b)]. Therefore the
deformation is trivial.
4 Generalized derivations of Lie conformal superal-
gebras
Let R be a Lie conformal superalgebra. Define Der(R)θ is the set of all derivations of
degree θ, then it is obvious that Der(R) = Der(R)0¯⊕Der(R)1¯ is a subalgebra of Cend(R).
Definition 4.1. An element f in Cend(R)θ is called
• a generalized derivation of degree θ of R, if there exist f
′
, f
′′
∈ Cend(R)θ such that
[(fλ(a))λ+µb] + (−1)
θ|a|[aµ(f
′
λ(b))] = f
′′
λ ([aµb]), ∀ a, b ∈ R. (4.1)
• an quasiderivation of degree θ of R, if there is f
′
∈ Cend(R)θ such that
[(fλ(a))λ+µb] + (−1)
θ|a|[aµ(fλ(b))] = f
′
λ([aµb]), ∀ a, b ∈ R. (4.2)
• an centroid of degree θ of R, if it satisfies
[(fλ(a))λ+µb] = (−1)
θ|a|[aµ(fλ(b))] = fλ([aµb]), ∀ a, b ∈ R. (4.3)
• an quasicentroid of degree θ of R, if it satisfies
[(fλ(a))λ+µb] = (−1)
θ|a|[aµ(fλ(b))], ∀ a, b ∈ R. (4.4)
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• an central derivation of degree θ of R, if it satisfies
[(fλ(a))λ+µb] = fλ([aµb]) = 0, ∀ a, b ∈ R. (4.5)
Denote by GDer(R)θ, QDer(R)θ, C(R)θ, QC(R)θ and ZDer(R)θ the sets of all gen-
eralized derivations, quasiderivations, centroids, quasicentroids and central derivations of
degree θ of R. It is easy to see that
ZDer(R) ⊆ Der(R) ⊆ QDer(R) ⊆ GDer(R) ⊆ Cend(R), C(R) ⊆ QC(R) ⊆ GDer(R).
(4.6)
Proposition 4.2. Let R be a Lie conformal superalgebra. Then
(1) GDer(R), QDer(R) and C(R) are subalgebras of Cend(R).
(2) ZDer(R) is an ideal of Der(R).
Proof. (1) We only prove that GDer(R) is a subalgebra of Cend(R). The proof for
the other two cases is exactly analogous.
For f ∈ GDer(R)σ, g ∈ GDer(R)ϑ, a, b ∈ R, there exist f
′
, f
′′
∈ GDer(R)σ (resp.
g
′
, g
′′
∈ GDer(R)ϑ ) such that Eq.(4.1) holds for f (resp. g). We only need to show
[f
′′
λ g
′′
]θ([aµb]) = [([fλg]θ(a))µ+θb] + (−1)
(σ+ϑ)|a|[aµ([f
′
λg
′
]θ(b))]. (4.7)
By Eq.(2.8), we have
[([fλg]θ(a))µ+θb] = [(fλ(gθ−λ(a)))µ+θb]− (−1)
σϑ[(gθ−λ(fλ(a)))µ+θb]. (4.8)
By Eq.(4.1), we obtain
[(fλ(gθ−λ(a)))µ+θb]
= f
′′
λ ([(gθ−λ(a))µ+θ−λb])− (−1)
σ(ϑ+|a|)[(gθ−λ(a))µ+θ−λ(f
′
λ(b))]
= f
′′
λ (g
′′
θ−λ([aµb]))− (−1)
ϑ|a|f
′′
λ ([aµ(g
′
θ−λ(b))])
−(−1)σ(ϑ+|a|)g
′′
θ−λ([aµ(f
′
λ(b))]) + (−1)
σ(ϑ+|a|)+ϑ|a|[aµ(g
′
θ−λ(f
′
λ(b)))], (4.9)
[(gθ−λ(fλ(a)))µ+θb]
= g
′′
θ−λ([(fλ(a))λ+µb])− (−1)
ϑ(σ+|a|)[fλ(a)λ+µ(g
′
θ−λ(b))]
= g
′′
θ−λ(f
′′
λ ([aµb]))− (−1)
σ|a|g
′′
θ−λ([aµ(f
′
λ(b))])
−(−1)ϑ(σ+|a|)f
′′
λ ([aµ(g
′
θ−λ(b))]) + (−1)
ϑ(σ+|a|)+σ|a|[aµ(f
′
λ(g
′
θ−λ(b))). (4.10)
Substituting Eqs.(4.9) and (4.10) into Eq.(4.8) gives Eq.(4.7). Hence [fλg] ∈ GDer(R)[λ],
and GDer(R) is a subalgebra of Cend(R).
(2) For f ∈ ZDer(R), g ∈ Der(R), and a, b ∈ R, by Eq.(4.5), we have
[fλg]θ([aµb]) = fλ(gθ−λ([aµb]))− (−1)
|f ||g|gθ−λ(fλ([aµb])) = fλ(gθ−λ([aµb]))
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= fλ([(gθ−λ(a))µ+θ−λb] + (−1)
|a||g|[aµ(gθ−λ(b))]) = 0,
[[fλg]θ(a)µ+θb] = [(fλ(gθ−λ(a))− (−1)
|f ||g|gθ−λ(fλ(a)))µ+θb]
= [−(−1)|f ||g|(gθ−λ(fλa)))µ+θb]
= −(−1)|f ||g|gθ−λ([fλ(a)λ+µb]) + (−1)
|g||a|[fλ(a)λ+µgθ−λ(b)]
= 0.
This shows that [fλg] ∈ ZDer(R)[λ]. Thus ZDer(R) is an ideal of Der(R).
Lemma 4.3. Let R be a Lie conformal superalgebra. Then
(1) [Der(R)λC(R)] ⊆ C(R)[λ],
(2) [QDer(R)λQC(R)] ⊆ QC(R)[λ],
(3) [QC(R)λQC(R)] ⊆ QDer(R)[λ].
Proof. It is straightforward.
Theorem 4.4. Let R be a Lie conformal superalgebra. Then
GDer(R) = QDer(R) + QC(R).
Proof. For f ∈ GDer(R)θ, there exist f
′
, f
′′
∈ Cend(R)θ such that
[(fλ(a))λ+µb] + (−1)
θ|a|[aµ(f
′
λ(b))] = f
′′
λ ([aµb]), ∀ a, b ∈ R. (4.11)
By (C2)λ and Eq.(4.11), we get
(−1)θ|b|[b−∂−λ−µ(fλ(a))] + [(f
′
λ(b))−∂−µa] = f
′′
λ ([b−∂−µa]). (4.12)
By (C1)λ and setting µ = −∂ − λ− µ
′ in Eq.(4.12), we obtain
(−1)θ|b|[bµ′(fλ(a))] + [(f
′
λ(b))λ+µ′a] = f
′′
λ ([bµ′a]). (4.13)
Then, changing the place of a, b and replacing µ′ by µ in Eq.(4.13) give
(−1)θ|a|[aµ(fλ(b))] + [(f
′
λ(a)))λ+µb] = f
′′
λ ([aµb]). (4.14)
Combining Eqs.(4.11) and (4.14) gives
[(
fλ + f
′
λ
2
(a))λ+µb] + (−1)
θ|a|[aµ(
fλ + f
′
λ
2
(b))] = f
′′
λ ([aµb]),
[(
fλ − f
′
λ
2
(a))λ+µb]− (−1)
θ|a|[aµ(
fλ − f
′
λ
2
(b))] = 0.
It follows that
fλ+f
′
λ
2
∈ QDer(R) and
fλ−f
′
λ
2
∈ QC(R). Hence
fλ =
fλ + f
′
λ
2
+
fλ − f
′
λ
2
∈ QDer(R) + QC(R),
proving that GDer(R) ⊆ QDer(R) + QC(R). The reverse inclusion relation follows from
Eq.(4.6) and Lemma 4.3.
22
Theorem 4.5. Let R be a Lie conformal superalgebra and Z(R) the center of R. Then
[C(R)λQC(R)] ⊆ Chom(R,Z(R))[λ]. Moreover, if Z(R) = 0, then [C(R)λQC(R)] = 0.
Proof. For f ∈ C(R), g ∈ QC(R), and a, b ∈ R, by Eqs.(4.3)and (4.4), we have
[([fλg]θ(a))µ+θb] = [(fλ(gθ−λ(a)))µ+θb]− (−1)
|f ||g|[(gθ−λ(fλ(a)))µ+θb]
= fλ([(gθ−λ(a))µ+θ−λb])− (−1)
|f ||g|+|g|(|f |+|a|)[(fλ(a))λ+µ(gθ−λ(b))]
= fλ([(gθ−λ(a))µ+θ−λb])− (−1)
|g||a|fλ([aµ(gθ−λ(b))])
= fλ([(gθ−λ(a))µ+θ−λb]− (−1)
|g||a|[aµ(gθ−λ(b))])
= 0.
Hence [fλg](a) ∈ Z(R)[λ], and then [fλg] ∈ Chom(R,Z(R))[λ]. If Z(R) = 0, then
[fλg](a) = 0, ∀ a ∈ hg(R). Thus [C(R)λQC(R)] = 0.
Lemma 4.6. Let R be a Lie conformal superalgebra. If f ∈ QC(R)θ ∩ QDer(R)θ and
f, f ′ satisfy Eq.(4.2), then we have
[aλ(fγ([bµc]))] = [aλ[(fγ(b))µ+γc]] = (−1)
θ|b|[aλ[bµ(fγ(c))]].
Proof. Let f ′ = 2ϕ. Since f ∈ QC(R)θ ∩ QDer(R)θ and f, f
′ satisfy Eq.(4.2), we
get
[(fγ(a))λ+γb] = (−1)
θ|a|[aλ(fγ(b))],
ϕγ([aλb]) =
1
2
f ′γ([aλb]) =
1
2
([(fγ(a))λ+γb] + (−1)
θ|a|[aλ(fγ(b))])
= [(fγ(a))λ+γb] = (−1)
θ|a|[aλ(fγ(b))]. (4.15)
By Eq.(4.15), we have
[(ϕγ([aλb]))λ+µ+γc] = [[(fγ(a))λ+γb]λ+µ+γc]
= [(fγ(a))λ+γ[bµc]]− (−1)
(θ+|a|)||b|[bµ[(fγ(a))λ+γc]]
= [(fγ(a))λ+γ[bµc]] + (−1)
|b||c|[[(fγ(a))λ+γc]−∂−µb]
= ϕγ([aλ[bµc]]) + (−1)
|b||c|[(ϕγ([aλc])−∂−µb]
= ϕγ([aλ[bµc]])− (−1)
(|a|+|b|)|c|[(ϕγ([c−∂−λa])−∂−µb], (4.16)
it is equivalent to
(−1)|a||c|[(ϕγ([aλb]))λ+µ+γc] + (−1)
|b||c|[(ϕγ([c−∂−λa])−∂−µb] = (−1)
|a||c|ϕγ([aλ[bµc]]).(4.17)
On the one hand, by (C1)λ and setting µ = −∂ − λ− γ − µ
′ in Eq.(4.17), we obtain
(−1)|a||c|[(ϕγ([aλb]))−∂−µ′c] + (−1)
|b||c|[ϕγ([c−∂−λa])λ+γ+µ′b] = (−1)
|a||c|ϕγ([aλ[b−∂−µ′c]]),
it is equivalent to
(−1)|a||c|[ϕγ([aλb])−∂−µ′c] + (−1)
|b||c|[ϕγ([cµ′a])λ+γ+µ′b] = (−1)
|a||c|ϕγ([aλ[b−∂−µ′c]]).(4.18)
23
By (C1)λ and setting λ = −∂ − λ
′ − γ − µ′ in Eq.(4.18), we get
(−1)|a||c|[ϕγ([a−∂−λ′b])−∂−µ′c] + (−1)
|b||c|[ϕγ([cµ′a])−∂−λ′b]
= (−1)|a||c|ϕγ([a−∂−λ′−µ′ [b−∂−µ′c]]). (4.19)
On the other hand, replacing µ, λ by λ, µ in Eq.(4.17) give
(−1)|a||c|[(ϕγ([aµb]))λ+µ+γc] + (−1)
|b||c|[(ϕγ([c−∂−µa])−∂−λb] = (−1)
|a||c|ϕγ([aµ[bλc]]).(4.20)
By (C1)λ and setting λ = −∂ − λ
′ − γ − µ in Eq.(4.20), we get
(−1)|a||c|[(ϕγ([aµb]))−∂−λ′c] + (−1)
|b||c|[(ϕγ([c−∂−µa])λ′+γ+µb] = (−1)
|a||c|ϕγ([aµ[b−∂−λ′c]]),
it is equivalent to
(−1)|a||c|[(ϕγ([aµb]))−∂−λ′c] + (−1)
|b||c|[(ϕγ([cλ′a])λ′+γ+µb] = (−1)
|a||c|ϕγ([aµ[b−∂−λ′c]]).(4.21)
By Eqs.(4.17), (4.19) and (4.21), we have
2((−1)|a||c|[(ϕγ([aλb]))λ+µ+γc] + (−1)
|b||c|[(ϕγ([c−∂−λa])−∂−µb]
+(−1)|a||b|[(ϕγ([bµc]))−∂−λa])
= (−1)|a||c|[(ϕγ([aλb]))λ+µ+γc] + (−1)
|b||c|[(ϕγ([c−∂−λa])−∂−µb]
+(−1)|b||c|[(ϕγ([c−∂−λa])−∂−µb] + (−1)
|a||b|[(ϕγ([bµc]))−∂−λa]
+(−1)|a||b|[(ϕγ([bµc]))−∂−λa] + (−1)
|a||c|[(ϕγ([aλb]))λ+µ+γc]
= (−1)|a||c|ϕγ([aλ[bµc]]) + (−1)
|b||c|ϕγ([c−∂−λ−µ[a−∂−µb]]) + (−1)
|a||b|ϕγ([bµ[c−∂−λa]])
= (−1)|a||c|ϕγ([aλ[bµc]]) + (−1)
|b||c|ϕγ([c−∂−λ−µ[aλb]]) + (−1)
|a||b|ϕγ([bµ[c−∂−λa]])
= 0,
so
(−1)|a||c|[(ϕγ([aλb]))λ+µ+γc] + (−1)
|b||c|[(ϕγ([c−∂−λa])−∂−µb]
+(−1)|a||b|[(ϕγ([bµc]))−∂−λa] = 0. (4.22)
Combining Eqs.(4.17) with (4.22), we get
(−1)|a||c|ϕγ([aλ[bµc]]) = −(−1)
|a||b|[(ϕγ([bµc]))−∂−λa] = (−1)
|a||c|+θ|a|[aλ(ϕγ([bµc]))],
that is
ϕγ([aλ[bµc]]) = (−1)
θ|a|[aλ(ϕγ([bµc]))]. (4.23)
By Eqs.(4.23) and (4.15), we obtain
[aλ(fγ([bµc]))] = (−1)
θ|a|ϕγ([aλ[bµc]] = [aλ(ϕγ([bµc]))]
= [aλ[(fγ(b))µ+γc]] = (−1)
θ|b|[aλ[bµ(fγ(c))]].
This shows the lemma.
24
Lemma 4.7. Let R be a Lie conformal superalgebra. If f ∈ QC(R)θ ∩ QDer(R)θ and
Z(R) = 0, then f ∈ C(R)θ.
Proof. It is straightforward by Lemma 4.6.
Theorem 4.8. Let R be a Lie conformal superalgebra. If Z(R) = 0, then QC(R) ∩
QDer(R) = C(R).
Proof. C(R) ⊆ QC(R)∩QDer(R) is obvious. By Lemma 4.7, if Z(R) = 0, we have
QC(R)θ ∩QDer(R)θ ⊆ C(R)θ. So QC(R) ∩QDer(R) = C(R).
Proposition 4.9. Let R be a Lie conformal superalgebra. If Z(R) = 0, then QC(R) is a
Lie conformal superalgebra if and only if [QC(R)λQC(R)] = 0.
Proof. (⇒) Suppose that QC(R) is a Lie conformal superalgebra. For f ∈ QC(R)θ, g ∈
QC(R)ϑ, [fλg] ∈ QC(R)θ+ϑ[λ]. For a, b ∈ R, by Eq.(4.4), we have
[([fλg]θ(a))µ+θb] = (−1)
(θ+ϑ)|a|[aµ([fλg]θ(b))]. (4.24)
By Eqs.(2.8) and (4.4), we obtain
[([fλg]θ(a))µ+θb]
= [(fλ(gθ−λ(a)))µ+θb]− (−1)
θϑ[(gθ−λ(fλ(a)))µ+θb]
= (−1)θ(ϑ+|a|)[(gθ−λ(a))µ+θ−λ(fλ(b))]− (−1)
θϑ+ϑ(θ+|a|)[(fλ(a))λ+µ(gθ−λ(b))]
= (−1)θ(ϑ+|a|)+ϑ|a|[aµ(gθ−λ(fλ(b)))]− (−1)
θϑ+ϑ(θ+|a|)+θ|a|[aλ(fλ(gθ−λ(b)))]
= −(−1)(ϑ+θ)|a|[aµ([fλg]θ(b))]. (4.25)
Combining Eqs.(4.24) and (4.25) gives
[([fλg]θ(a))µ+θb] = 0,
and thus [fλg]θ(a) ∈ Z(R)[λ] = 0(Z(R) = 0). Therefore, [fλg] = 0.
(⇐) It is clear.
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